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I present a criterion for all-order finiteness in 7V = 1 SYM theories. Three applications are given; they yield 
all-order finite SYM models with global symmetries of the superpotential. 



1. INTRODUCTION 

The aim of this paper is to present applications 
of the criterion for all-order finiteness in = 1 
SYM of [ [T] . All-order finiteness is here meant in 
the sense of exact vanishing of the perturbative 
/3-functions. 

The all-order finiteness criterion is an exact 
result, with hypotheses operating exclusively at 
the one-loop level. It is based on the structure 
of the supercurrent anomaly multiplet, which re- 
lates the conformal anomalies to the axial ones. 
The axial anomalies being non-renormalized, they 
are given by their one-loop values. Vanishing of 
the latter is guaranteed by the hypothesis that the 
one-loop gauge /3-function, as well as the one-loop 
anomalous dimensions, vanish (these two condi- 
tions are known to yield one- loop finiteness [ |^). 
A further hypothesis on the unicity of the solution 
to the conditions of vanishing one-loop Yukawa /3- 
functions comes from imposing, as a consistency 
requirement, that reduction of the couplings be 
verified. Therefore, the all-order finiteness result 
is the one-loop result supplemented by a consis- 
tency requirement for higher orders [hyp. (iv) 
below]. We shall first review one-loop finiteness 
(section ^). In section H, we state the all-order 
result. Section |4| presents three applications. For 
related approaches to all-order finiteness in = 1 
SYM, see [|,|, |. 

2. ONE-LOOP FINITENESS 

Consider an iV=l super- Yang-Mills theory with 
simple gauge group (gauge coupling g) and super- 
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potential W{<j)^) = i (ff (j)' + \ Kjk <P" <!>' (j)^ ■ 
The matter fields 0' transform under the irrep. 
Ri. The one- loop gauge /3-function is given by 



[VT(i?,)-3C2(G)]. 
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The one-loop Yukawa /3-functions 

\ ' (1) I \ ' (1) I \ I (1) 

are combinations of the one-loop anomalous di- 
mensions 

l/'' = ^[A^"A,,, -2 5^C2(i?.)'5;]. (2.3) 

Necessary and sufficient conditions for one- (and 
two-) loop finiteness [ |^ result from demanding 
that (|2.l|), resp. (2.3), vanish, i.e., 



(2.4) 
(2.5) 



3. ALL-ORDER FINITENESS 

At all orders, finiteness is guaranteed by the fol- 
lowing criterion [ |l[ : if (i) the gauge anomaly van- 
ishes, (ii) /3g<'' = 0, (iii) the conditions 7V = 
possess solutions of the form Xijk = Pijk 5, Pijk G 
(£, and (iv) these solutions of 7*^'^' = are iso- 
lated and non-degenerate^ solutions of P^^jl — 0, 
then each of these solutions corresponds to an 
N—1 SYM model with one independent coupling 
constant (e.g., the gauge coupling g) which does 
not run, i.e., Pg = at all orders. 

For the proof, see [ ^ and the original litera- 
ture [ 1^, . In order to obtain a SYM model with 

^By "isolated", we mean that the zeroes cannot be mul- 
tiple, whereas by "non-degenerate" we forbid parametric 
families. 
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one isolated and non-degenerate solution {i.e., a 
unique solution for that model), one generally 
needs to restrict the superpotential by imposing 
global, chiral or discrete, symmetries. It turns 
out that one solution of 7*^ *^' = which is iso- 
lated and non-degenerate when regarded as a so- 
lution of (3-jl = corresponds, if it exists, to a 
given global chiral symmetry of the superpoten- 
tial. Such chiral symmetries are denoted by 

5a0* = *e;^.0-'', Saq^l = -i(b]eJ,, (3.1) 

where Cq = e], are the Hermitean charges. Sym- 
metry of the superpotential is then guaranteed 
provided 



^ijl (^ak + "^jkl I + '^kil j — 0. 



(3.2) 



4. APPLICATIONS 

4.1. SU(6)gauge N=l SYM finite model 

The first application [ |l| is based on an 
S'f7(6)gauge model which is known to be one- 
loop finite [ 1^. It contains matter supcrmulti- 
plets in the 6, 6, 15 and 21 with multiplicities 
(8, 16, 1,1), and has been chosen for purely illus- 
trative purposes. The superpotential writes (repr. 
indices suppressed) 

W = X(^ab)6''t21 + 6,6jT5 + A3T5^ (4.1) 

where X(ab), and A3 are the Yukawa cou- 

plings, i,j = 1...8, a,6==1...16. The •y^'-'—O condi- 
tions (2.5) yield 



A("-)A(ea) = 16«g2, 

9|A3|2 = 28ag^ 
with a some constant. The A 



4A[,fe]A['=-''l 



2 A[ifc]A[''* 



(ab) 



(4.2) 
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obeying (4.2) form parametric families of zeroes, 
and A3 is a degenerate (double) zero. These 
solutions are hence neither isolated nor non- 
degenerate solutions of f3-^l = 0, and hypothesis 
(iv) of the finiteness criterion is not satisfied. 

Let us then pick one of the above solutions, 
denote it by (?(ab)j ^^'"''), and replace it into the 
superpotential. The latter, restricted superpoten- 
tial, is invariant under chiral transformations of 



the type (3.1), i.e., 
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6{k)Gx 



(4.3) 



provided relations of the form ( p.2\ j among gen- 
erators and Yukawa couplings 



0, 



(4.4) 
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hold. Considering now the Yukawa couplings as 
metrics, we infer that the e(;) 's generate the group 
preserving 16x16 bilinear symmetric metrics, i.e., 
the orthogonal group 0(16), whereas the e(/j.)'s 
generate the group preserving 8x8 bilinear an- 
tisymmetric metrics, i.e., the symplectic group 
Sp{8). Other symmetries (see [ |l|) make A3 an 
isolated zero. We have thus obtained an all-order 
finite N = 1 SYM model with symmetry group 

global- 

4.2. SU(5)gauge N=l SYM finite model 

We consider now a more phenomenologically- 
minded application of all-order finiteness (see [ ^ 
and references therein). Among the SU{5) one- 
loop finite models of [ || , only one allows for three 
fermion generations and adjoint matter. It is 
built out of the chiral supermutiplets 5, 5, 10, 10 
and 24 with multiplicities (4,7,3,0,1). The su- 
perpotential (repr. indices suppressed) is 



W 



9ijk 



2 lOibjbk -^ ^J-^JiTla-nb 
+ fab Ha2AHb + ha ba^Ha + p 24^, 

where i,j,k = and a,6=1...4. The lOi's and 
5i's are the usual three generations, and the 24 
contains the scalar superfield. The four (5 -I- 5) 
Higgses are denoted by Ha, Ha- The 7*^' = 
conditions ( |2.5| ) can be computed to be 

Ag,jag'i'> + ffaj''' + Aq,acq'''- = fg^Sl 

Sgijag'^' + ffcar'+fh.ah'^^ ^ fg^S^, 



-10, HaHn 



(4.5) 



(4.6) 



4g,,a9''^ + fh,ah^^+4g',,,g'^'' = fg'Sf, 

2g^ka9'''''+39^kag'''''+q^ab<' 

+9 kii9 — —9 , 
fabr^ + fpp* + h^ah''' - 10g2. 

Finiteness at all orders is achieved by imposing 
to the superpotential a Z7 x Z3 discrete sym- 
metry with Zr-charges (1;2;4;4;1;2;5;3;6;0) and 
Z3-charges (1;2;0;0;0;0;1;2;0;0) [for the ten fields 
{10i;5i; Ha)], plus a multiplicative Q-parity (see 
[ H]). These symmetries enforce gf^^ = ^g'^, gf^^ = 
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other Yukawa couplings vanish. 



1, 2, 3, and aU 



4.3. SYM finite models with global U(l)'s 
Finiteness can be attained by imposing that 
the superpotential be invariant under a prod- 
uct of global U{1) groups. One specific example 
has been successfully worked out [ ^. Starting 
from some one- loop finite A^=l SYM model ex- 
tracted from the list of [ |j, one constructs one 
explicit solution to the conditions of vanishing 
one-loop 7-functions. The latter solution is then 
replaced into the superpotential, hence yielding a 
restricted superpotential W. The next task is to 
find a minimal set of global C/(l) symmetries, say 
n such groups, that constrain the original super- 
potential to be just W. The n associated Abelian 
charges carried by the matter superfields have to 
be chosen accordingly. If this can be done and 
yields isolated and non-degenerate solutions to 
f^ijk ~ 0' what one ends up with is an all-order 
finite = 1 SYM model with symmetry group 
GgaugcX"=it^(l)giobar clcar whether such 

an approach can be used in general, or if it ap- 
plies to a definite subset of all lower-orders finite 
models. 

5. CONCLUSIONS 

In the process of constructing all-order finite 
SYM theories, one first reduces the number of in- 
dependent Yukawa couplings by means of global 
symmetries. Then one checks if the solution of 
7*/^' = considered as a solution of B}-1 = 
is isolated and non-degenerate. If not, the pro- 
cess has to be restarted, imposing an enlarged 
global symmetry of the superpotential. The pro- 
cess stops successfully if unicity of the solution of 
P^jl = is attained. 

There can be different, arbitrarily multiple or 
degenerate solutions to 7*^ '^' = 0. Each of them 
may yield a finite SYM model with global sym- 
metries, assuming that such symmetries exist. If 
more than one finite model can be constructed 
for a given unconstrained N=l SYM theory, then 
each of these models corresponds to the original 
theory with an additional global symmetry spe- 
cific to that model. One may hope that the global 
symmetries which are necessary for finiteness turn 



out to be physically relevant and to carry pre- 
dictive power. Of course, one can also check for 
finiteness after imposing global symmetries that 
are motivated by phenomenology (as, e.g., family 
symmetry) . 

Applications of the finiteness criterion to 
SGUTS with SU{6) and SU{5) gauge groups, and 
specified matter contents, have been presented. 
The latter models are shown to be all-order fi- 
nite provided one imposes the global Lie-type, 
resp. discrete, symmetries [0(I6) x S'p(8)]giobai 
and Zj X Z3. A more generic example has been 
outlined, for which all-order finiteness is achieved 
by imposing a product of global U{1) symmetries 
with suitable charges. 
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